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Abstract

This paper presents a comprehensive frequency analysis of articulated robot. The purpose of a
frequency response analysis is to compute the behavior of a articulated robot subjected to
time-varying excitation. The transient excilation is explicitly defined in the time domain. The
force applied to the structure is known at cach instant in time. Forces can be in the form of
applied forces or enforced motions. The important results obtained from the frequency
analysis are typically displacements, velocities, accelerations, eigenvalues, eigenvectors, and
mode shapes of the robot nodes. Depending upon the structure and the nature of the loading,
two different methods are used for the frequency response analysis direct and modal. The
direct method performs an analytical analysis on the complete coupled equations of motion,
The modal method utilizes the mode shapes of the robot to reduce and uncouple the equations
of motion {when modal method is used); the solutior is then obtained through the summation
of the individual moda! responses.
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- NOMENCLATURE k
' A= Cross scctional area, [mm?]
ag,ag;aﬁ-"*thbat acccleration,[mnﬂsecz] Lo
C = Damping matrix, [N.s/m]
Ce,= Critical damping, [ N.s/m]
Di(t) = Dynamic load factor
E; = Modulus of elasticity for link i, [N/m?]
I; = Area moment of inertia for link i, [m*]
K = Stiffness matrix, [N/m}
L = Robot link length, [mmm]
M = Mass, [Kg]
m; = Mass for link 1,[kg]
m; = Cross sectional mass of the beam, [Kg}
n = Consiant
e e e e . gt T NS
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P = Force applied, [N]
Qi = The ith generalized externa! force, [N} '
Q(1)= External force, [N} r
" ¢ =Nomnal coordinate,{mm]
R =The dissipation energy, [Joule]
T = The kinetic energy, {Joule]
t= Time, [sec]
U =The strain energy, [Jnule] .
0,050 = Robot velocities ,fmm/sec)
y(x,t) = Motions cootrdinate, [mm)
- ¢ (x) = The transverse deflection” along the ith link Jm]
m; = Natural frequency for link i,[rad/sec]
$ii(x) =Mode shape ﬁ.mctmn
p = Density, [kg/m’]
& = Damping ratio
@y = Damping frequency,[rad/sec]
73 = Time delay,[sec]
H{Em} = Complex frequency response
= Natural frequency, [rad/sec]
q,,,t = Static modal deﬂectlon,[mm]
f: = Frequency,[Hz]

¢ = Response stress, [me ]
G, = Stress ampitude, N /m?}

R, = Radius, [mm]

B.e.,y = Robot angles,[dég.]
A = Distance between the action force and support,[mm}

Introduction
The concept of industrial robot

was first patented in 1954 by (G.C...

Devol) who described how to construct
a controlied mechanical arm, which
can perform industral tasks, The first
industrial robot was installed by
{unimation) Inc. irn 1961 and since that
thousands of robots have been put to
work in industry m U.S, Japan, and
Europe, to perform a wide range of
tasks such as loading and unloading ,
. spot and arc welding, spray painting,
die casting, forging, inspection, plastic
molding , and glass industry, material

. programmed

manipulator
malerials,
devices,

designed to
parts, tcols, or special
through a  varabie
.-potion  for  the
performance Bf a variety of tasks

[3L[4].
Two approaches used in

move

controlling robots the first is torque

control by manipulating the motor
current, and is mainly used by the USA
robot manufacture. The second is
speed control by manipulating the
motor applied voitage and is mainly
followed by Japanese and Europesn
manufacture [5].

handling, space technology, and . The frequency analysis of
HSSED'IH.E}’ tasks [11,[2]. By articulated robot [6], shown in Fig. (1)
The zobot is defined by the is & subject of great importance snd

American institutes of robots, as a
programmable mylu-functional

it has a wide application of robot

des:gn end control. For high-speed

o . . 5 ]
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robot  application, the frequency,
charactetistics of the robot must be

taking into sccount to achieve smooth -

motion and stable control, The study of
the dynamic behavior of flexible small
and medium size robots with joint
compliance is the bases for developing
efficient and robust controllers for such
systemn [7].

The paper consider the vibration of
articulated robot consist of three rigid

members (links) connected by two
revolute joint on a rotery base. Rotary
and linear motions are introduced to
the fixed end and at the joint, which
couples the three links. Inertias are
lumped at the coupling joints and at the
free end of the last link. The Lagrange
equation for z beam is used for
modeling the vibration of robot
uniform elastic links with the suitable
conditions.

Middie of forcarm
plvets pp wnd down

Fig.(1) Articulated rebot
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Characteristic equation

The nommal mode method is
characterized by the fact that the
differential equations of motion are
decoupled when the displacements are
expressed in terms of the normal
modes [9].Therefore ,in a system
having n degrees of freedot ,we may
deal with n independent differential
¢quations rather than with a system of
n simultaneous differential equations,

The Lagrange equation [10] for 2 beam
with n independent differential
equations is given by:

E .g-_‘[‘_ _£+E+_@ =(2i (l)
dt a -
q,

aqiaqiafli

Where T is the kinetic energy and U is
the strain energy.

R is the dissipation energy and (;

denotes the ith generalized external

force in their normal coordinate system

and ; is the normal coordinate,

The response of the Articulated robot
model shown in Fig.(1) can be defined
by the generalized romal coordinates

]
W= L4000 @

Where {;(x} is the mode shape
function.

For the slender beas the kinetic and
the strain energy arz:

(1.2
T=om;y d 3)
- %o
14
U=—[ ET ydx (4)
2, i1
1i2
R=—| Cy dx (5)

2 i
%
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in which m,E,C; is the
mass .modulus of elasticity, arca
moement of ineriia, and the damping
per unit length of beam respectively,
the integrals of the Eqs.(3),(4)and(5)
are taken over the length of the beam.

From equation (2) we can write

. H .o
W)= 2. g.(x)q,y=dvidt (6
=

H
V(xO= 2 8.0,y =dyldx (7)
=19

Substituting these equations inte Eqgs.
(3), (4) and (5} an! determine the
partia} Derivatives as:

ar 3
== 3, ot e mg?
Bq!- =
a7 ; (8)

d|er| 2
o | A

I
v 8l s
L g S B2 K
a?l 9 1.};:1 [-)[ iliéy Jﬂ'j[

nl

@S =g; 2, jﬂﬁéz i
8q; =

¥z
%= 5%

Where m = pA , per unit length

and p, A , my , Ki are the density,
Cross sectional aren , Cross sectional
mass , and Sitffness matrix of the beam,
respectively
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Put equation (8} into Lagrange
equation

"ﬁlA 24 §1E1"2dx '?:1 Zidg = 3 Q.
e + Q. ... + Qi . ¥ = LS
qi—i(j}p by q‘i=1({ ili?%j ““i=1£°1¢ SAR et 06 | B

By Comparison wiin the generalized
equation of moticen

Mg+ Ca+Ka=Q;(t) (10)

and the Generalizec mass

L 2 2
m.. = [pAb.. dx +mghg™ (11)
¥ 1\

also the Generalizes stiffness
coefficient is

K -l_[EI¢'2dx+K¢2 (12)
ij_ﬁ 'y i'i

Where the first term 1s for beams
and the second for . prngs
Generalized damping

coeflicient

L2
C.= je g ijdx (D)
I 0 i

M
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L (14)

The Generalized foroe
QY =Q; (4 a3

Letting the capital letters stand
for the Fourier transforms of the
corresponding quantities in lower case
letters.

The complex frequency response
is abtained by making the substitution:

f):ixq(fw iﬂdm _

XQ(iw)eimdm

in Equation (10) and canceling
the &' terms yields

Basrph Jouma! for En,gmeenng Science /2008

output *fi !
mﬁttx@m{ WI

(17)

Where H(io) is the complex
frequency response function for the
output ¥(t) due to external force (input)

Q).
The square modulus of the

complex ﬁ'equency raspunse ig:

F"“‘“" sz(—affaﬁmmf]
18

Where (;' s (1, damping factor,

hatural frequency

Ef'i(t) = Ql.(f)*h(f) (19)

where ¥ = convoelution h{t)
H(juws)
Static modal deflection

By making the substitution of Eq. (10)
and rearranging we obtain the forms of
the static modal deflection gim{t):
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_nQ " d, )
9t = El 4¢ K

5. Py,
g, (g) = __
S o'mg, L
. (0= BRI O08
e =1 4é‘im13

_mQ(Ong,
qj.:rm (r) - = Zkici J
(20)

Where the time is:

t =27/ sec (21) .
and the frequency is, X5
% _ 1 0™ L
f.=—t=— 2
S Ti Hz (22)
The spherical coordinates of the
asticulated robot

v= RpeR +R;:ti‘3|::B +Rpécu§|3éa

(23)
Where the space velocities are:

vg =Rp
""‘B“—'RPJB {24}

vy = RpBcos

and the accelerations are:

ap = Rp—Rp BE erBZ cos2 B

ag =Rpﬁcos13+ZR'pécos[S—.’!RpésinBL

aP =Rpﬁ+2RB+Rp92 sinfcosf
(25)

Modal Frequency response
analysis

For simply-supported beam {11]
the mode shape equation is

d(x) = sin PLE (26)

Total dynamic deflection of
concentrated (point) load is by
substitation the above Equations. In
the Equation:

_l_[si:fmf-sin——n[L 'ﬂp,(z))nsin’%“ q (r)}

. L L Jstat

27

Where D{t) is called the dynamic
load factor . It is & dimensionless
guantity [12] whick is a function of
fime it is depend upon the force time
function g{t) ,upon the natural
frequencies of the siructure in the rth
mode ¢ ,and upon “he damping
coefficient C . X is the distance
between the action ‘oree and the
suppott,

The total deflection at any point is
obtained by superimposing the modes

n
¥; (x, t)= i§1 q; (ﬂ‘bij (Dr(t)}i (28)
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and the modal matrix for 3-mode

shape is:
14 %2 O3
[¢ij]= 21 922 923
931 035 $33
Aj=123

The matrices [m] and [k] can be
obtained by Rayleigh-Rits method
which leads to evaluate eigenvalues

and ¢igenvectors [131:

! ) ]
My ={j) m(x};ﬁi. (x)éj (x)afx
I
k= i EAx)¢, (x }(x)dt

(30

detl K]-o. [M]|¢i =0 (1)
Normal mode function is
determined by means of a procedure as

The Rayleigh-Ritz or Galerkin
[14] method thus;

ord)=3 ;6" o
1=

Where;
¢y (X) is the mode shape

function

q%r) is the modal column

and the ith link natural frequency
{eigenvalues) is
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T
o ol Iy

o= (33)
T
by Ml

Where [K] and [M)] denote for stiffhess
and mass matrix

To find eigenvectors

(29)
_ [adiK]
%= GeK] " 9
or
NS .
o1
N
it e 66

Where P, is the single applied foree and
k; is the element of the matrix [adjK]
in the ith row and jth column

For beam of circular cross

sectional area the moment of inertia is

1=nd%/64 | amn

Response stress [15]:

s
c=hy= ———sm-\wut—ﬂ) (38}
V2
where (@, is the natural frequency
Stress amplitude

kA
* =7

(39)
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Results and Discussion

The frequency response of the
ariiculated robot is computed for a
range of values of exciting frequencies.
The exciting load is a force Qi)

applied at the free end at an angle ¥
with respect to the axis of the third lnb
as shown in Fig(2). Table 1,
describes the model articulated robot

specification  used in this work
[161,[17].

Fig. (2) Articulated robot with all parameters shown (Robot geometry)

e ————————
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Table (1) Articulated robot Specifications
Ham Unlie Specifications
- Depree of freedom 4 axes
Structure multi-articulation type
Driving method AC servo motor
Position sensing method Absolute encoder
Maximum load capacity (rating} kg 15(5)
Arm length Armm No. 1 mm 525
Amm No. 2 min 325
Maximum reach radius mm 850
Working area J1 axis{ist axis} Deg. =140
J2 axis@nd axis) Deg. £153
J3 axis (Z axis) mm 350
314 axis {0 axis) Deg. +360
Maximum speed J1axis | Degfs 252
B axis | Deg/s 337.5
13 axis (Z axis) mm/s 1000
14 axis (O axis} | Deg/s 1274
Horizontally-resultant | mm/s 5650
maximum speed | -
Cycle time sec 0.57
Allowabie wrist-moment | kgm® 0.2 {0.02)
of inertia (rating)
Repeatability X-Y composite mm £0.025
J3 axis (Z axis) mm +0.01
J4 axis (O exis) | Deg. +0.03
Ambient temperature °C 0 to 40 |
Weight kg 4G
Operating pressure MPa Air 0.0510 0.5
L

Fig(3) shows the geometry building
of the robot using ANSYS 5.4 program,
which indicates the entire system of the
robot that included all parameters taking
into account in this study. The deflected
and undeflected shape arc shown in Fig.(4)
result from the solution of the program and
the mode shape for the first three natural

frequency are shown in Fig.{5) which

depending on the computational accuracy.

To obtain more accuracy results used 10
analyze the frequency of the articulated
robat which are useful to obuin 1he
eigenvalues and eigenvectors used in the
model of this study to compute the
accum_ilﬂated deflection in the last link that
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than 10™ mode shapes is analyzed as shown
in Figures(6-12). Fig. (13) Shows the vecter
notation of the articulated robot which indicates
the deflection in every node of the robat during
the motion of the work velume of the robot.
The accumulated deflection during the natural
frequencies can be obtain from the deformation
of the robot and animation so that can be used

in the model witbout need to solving the
equation of motion and this can be seen in the
figures (14-18). Figures (19-24) indicates
the time history where the rcsonance
frequencies of the flexible joint system are
Jow, the exciting frequency range is much

larger than that for the stiff joint system.

o I

Fig. (3) Robot geometry

ARFYa B4
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Fig. (4) Deflected and Undeflected shape
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Filakl Bap
Fig. () The mode shape for the flrst three natural frequencies
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Fig. (6) Mode shapes
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Fig. (T} 1" Eigenvalue Mode shapes

L
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Fig. (9) 3" Eigenvalue Mode shapes Fig. (10) 4™ Eigenvalue Mode shapes

s
£iLLl Sy
Ll by
Fig. (11} 5" Eigenvalue Mode shapes Fig. (12) 6" Eigeuvalue Mode shapes

M
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Fig. {13} Vector notation
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Fig. (15} Robot deformation (X Rotation)
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Fig. (17} Roebot deformation {Z Rotation)
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Tig. (19) Time history {1* mede) Fig. (20) Time history (2" made)
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Fig. (21) Time history (3" mode) Fig. (22) Time history (4'* mode)
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Fig. (24) Time history (6" mode)

Fig. (23) Time history (5" mode)
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Fig. (26) The mode shapes of the first four mede of vibration Fig. (27) Rapid mode shape due rapid motion of ro:
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Analytical analysis

In direct transient response,
structural response is c;omputed by
solving a set of coupled equations
using direct numerical integration. The
fundamental structural response
{displacement) is solved at discrete
times, typically with a fixed integration
fime step. A central finite difference
representation for the velocity and
accelerafion is used at discrete times,
and the applied force is averaged
overthrew adjacent time steps. Figures
(25, 26) shows that the first two
Conclusion

The modal analysis of an
articulated robot was performed .The
natural frequencies and mode shapes
were obtained for several parameters
combination. Frequency response
analysis was performed by finding the
vibrational amplitudes and the
accumulated deflections in the free end
of the robot.

Dynamic Analysis to analyze
articulated robot subject 1o loads that
vary with time or frequency. All links
of the robot have resonant or natural
frequencies, and if the structure 15
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